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We generalize the formulation of non-commutative quantum mechanics to three dimensional non-
commutative space. Particular attention is paid to the identification of the quantum Hilbert space
in which the physical states of the system are to be represented, the construction of the repre-
sentation of the rotation group on this space, the deformation of the Leibnitz rule accompanying
this representation and the implied necessity of deforming the co-product to restore the rotation
symmetry automorphism. This also implies the breaking of rotational invariance on the level of the
Schroedinger action and equation as well as the Hamiltonian, even for rotational invariant poten-
tials. For rotational invariant potentials the symmetry breaking results purely from the deformation
in the sense that the commutator of the Hamiltonian and angular momentum is proportional to the
deformation.
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2I. INTRODUCTION
In their seminal paper, Doplicher et al.[1] argued from the considerations of both general relativity
and quantum mechanics that the localization of an event in spacetime with arbitrary accuracy is
operationally impossible. This feature is captured by postulating non-vanishing commutation relations
between operator-valued coordinates. In its simplest form they are given as
[t, Xˆi] = 0; [Xˆi, Xˆj ] = iθij , (1)
where the time t has been taken to be an ordinary c-number. This form of noncommutativity also
follows from the low energy limit of string theory [2]. Reformulation of Quantum mechanics or Quan-
tum field theory based on these non-commutative relations are therefore expected to describe physics
at a much higher energy scale than the conventional local Quantum Field theory and perhaps can
provide another window into the nature of Planck-scale physics and complement the insights gained
through other approaches like String theory and loop quantum gravity. Aside from the high energy
considerations, this kind of non-commutative structure also has relevance in condensed matter physics
like the Quantum Hall effect [3] and topological insulators [4].
The general point of view regarding the matrix Θ = {θij} is that the entries are constant, as if
they are new constants of nature like ~, c, G etc [5] and θij do not transform as a second-rank tensor
under SO(3). One therefore does not expect the coordinates Xˆi to transform vectorially rendering the
construction of a SO(3) invariant scalar potential virtually impossible. This problem, however, does
not arise in D = 2, as Θ remains invariant under SO(2) rotations in this case, even if θij is subjected
to a tensorial transformation and one can easily construct a SO(2) invariant potential. Indeed, in [6]
an analytical solution to the problem of a particle, confined in a 2D spherical infinite potential well,
was provided in a completely operatorial approach, bypassing the conventional approach of using the
Moyal/Voros star product. Since these star products are naturally associated with respective bases
[7], the analysis in [6] is completely independent of any choice of basis and has a general validity.
It should, however, be pointed out that the 2D case is rather trivial and non-trivialities arise only
in D ≥ 3. It is therefore desirable to understand whether it is possible to construct a SO(3) invariant
potential in 3D in a completely operatorial approach in the spirit of [6].
An attempt in this direction was made in [8] in a Hopf algebraic approach, where the deformed
co-product was used to define a deformed adjoint action and the associated deformed brackets. In-
terestingly, it was observed in [8] that the non-commutative coordinates transform covariantly under
these deformed brackets when the angular momentum operator is also deformed simultaneously. How-
ever, even this approach failed to produce a SO(3) invariant potential with respect to these deformed
brackets, even if one starts with a SO(3) invariant potential in the commutative case; they are found
to be afflicted with anomalies.
This therefore motivates us to first generalize the operator method introduced in [6] and also in [9],
where the interpretational aspects were studied, to 3D. This then paves the way to an understanding
of the way the symmetry manifests itself on the level of the action, Hamiltonian and Schroedinger
equation, which, as far as we can establish, has not been done systematically in the literature.
The paper is organized as follows: In section II we briefly review the 2 dimensional construction to
fix conventions and notations. In section III the 3 dimensional generalization is introduced. In section
IV we discuss the Moyal and Voros basis representations of the abstract construction introduced in
III and make contact with the more standard non-commutative formulation in terms of Moyal and
Voros star products. Section V constructs the representation of the rotation group on the quantum
Hilbert space introduced in section III. Section VI discusses the deformed co-product required to
restore the rotational symmetry automorphism and section VII shows that under this deformation the
non-commutative matrix is indeed invariant. In section VIII the breaking of rotational symmetry on
the level of the Schroedinger equation, even for rotational invariant potentials, is discussed. Finally,
section IX summarizes and draws conclusions.
3II. REVIEW OF TWO DIMENSIONAL NON COMMUTATIVE QUANTUM MECHANICS
The non-commutative Heisenberg algebra in two dimension can be written as (we work in unit ~ = 1)
[xˆi, xˆj ] = iθij , (2)
[xˆi, pˆj ] = iδij , (3)
[pˆi, pˆj ] = 0. (4)
One can construct standard creation and annihilation operators b† and b:
b =
xˆ1 + ixˆ2√
2θ
, b† =
xˆ1 − ixˆ2√
2θ
. (5)
The non-commutative plane can therefore be viewed as a boson Fock space spanned by the eigenstate
|n〉 of the operator b†b. We refer to it as the classical configuration space Hc:
Hc = span{|n〉 = 1√
n!
(b†)n|0〉}. (6)
Note that this space plays the same role as the classical configuration space R2 in commutative
quantum mechanics. Next we introduce the quantum Hilbert space in which the states of the system
and the non-commutative Heisenberg algebra are to be represented. This is taken to be the set of
all bounded trace-class operators (the Hilbert-Schmidt operators) over Hc and we refer to it as the
quantum Hilbert space,Hq,
Hq = {ψ : trc(ψ†ψ) <∞}. (7)
Note that we can also think of the states in the quantum Hilbert space as functions ψ (xˆ1, xˆ2) (with an
appropriate ordering prescription) of the non-commuting coordinates xˆ1, xˆ2 as they are essentially the
trace class operators generated by the bounded Weyl operators associated with xˆ1 and xˆ2. Physical
states are represented by the elements of Hq and are denoted by a round bracket ψ ≡ |ψ). The inner
product is defined as
(φ|ψ) = trc(φ†ψ), (8)
where the subscript c refers to tracing over Hc. We reserve † to denote hermitian conjugation on the
classical Hilbert space, while ‡ denotes hermitian conjugation on the quantum Hilbert space. If Xˆi,Pˆi
are the representations of the operators xˆi and pˆi acting on Hq, then a unitary representation, i.e.
Xˆ
‡
i = Xˆi and Pˆ
‡
i = Pˆi, is obtained by the following action:
Xˆiψ = xˆiψ, (9)
Pˆiψ =
1
θ
ǫij [xˆj , ψ]. (10)
It is easily verified that the momentum eigenstate |p) are given by
|p) =
√
θ
2π
eip.xˆ, Pˆi|p) = pi|p) (11)
and that they satisfy the usual resolution of identity and orthogonality condition∫
d2p|p)(p| = 1q, (p|p′) = δ2(p− p′). (12)
4Following the analogy of coherent states of the Harmonic oscillator, one can introduce minimum
uncertainty states in the classical configuration space
|z〉 = e−z¯b+zb† |0〉 = e− 12 |z|2ezb† |0〉 ∈ Hc, (13)
satisfying
b|z〉 = z|z〉 (14)
for an arbitrary complex number z. From this a basis |z, z¯) = |z〉〈z| ∈ Hq can be constructed for the
quantum Hilbert space. In particular they satisfy
B|z, z¯) = z|z, z¯), (15)
(z′, z¯′|z, z¯) = trc[(|z′〉〈z′|)†(|z〉〈z|)] = e−|z−z
′|2 (16)
and, most importantly, the completeness relation∫
d2z
π
|z, z¯) ⋆V (z, z¯| = 1q. (17)
Here B = Xˆ1+iXˆ2√
2θ
is the representation of the operator b on Hq and the Voros-star product ⋆V takes
the form
⋆V = e
←−
∂ z
−→
∂ z¯ = e
i
2Θ
V
ij
←−
∂ i
−→
∂ j (18)
with
ΘV =
( −iθ θ
−θ −iθ
)
. (19)
We refer to this basis as the Voros basis. The overlap of this basis with a momentum eigenstate is
given by
(z, z¯|p) =
√
θ
2π
e−
θp2
4 ei
√
θ
2 (pz¯+p¯z)
=
√
θ
2π
e−
θp2
4 eip.x, (20)
where we have introduced the Cartesian coordinates
x1 =
√
θ
2
(z + z¯), x2 = i
√
θ
2
(z¯ − z) (21)
so that the Voros states can alternatively be labeled as |x)V ≡ |z, z¯). From these we infer that we may
expand the Voros basis as follow in terms of momentum states
|x)V =
√
θ
2π
∫
d2pe−
θp2
4 e−ip.x|p) =
∫
d2p
2π
θe−
θp2
4 eip.(xˆ−x). (22)
Next we introduce what we refer to as the Moyal basis, defined as an expansion in terms of momentum
states as follows
|x)M =
∫
d2p
2π
e−ip·x|p) =
√
θ
2π
∫
d2p
2π
eip·(xˆ−x). (23)
These states satisfy ∫
d2x|x)M ⋆M M (x| =
∫
d2x|x)MM (x| = 1q,
(p|x)M = 1
2π
e−ip·x,
M (x|x′)M = δ2(x− x′), (24)
5with
⋆M = e
i
2Θ
M
ij
←−
∂ i
−→
∂ j (25)
and
ΘM =
(
0 θ
−θ 0
)
. (26)
The Moyal basis is therefore an orthogonal basis, unlike the Voros basis. Using (22) we find the
overlap between the Moyal and Voros basis vectors to be
V (x
′|x)M =
√
2
πθ
e−
(x−x′)2
θ . (27)
Clearly, in the commutative limit θ → 0 the Gaussian occurring on the RHS goes over to 2D Dirac
delta function δ2(x−x′), indicating that the difference between the Moyal and Voros basis disappears
in this limit.
In Hq one can define commuting operators Xˆci as
Xˆci = Xˆi +
θ
2
ǫijPˆj , (28)
for which the Moyal basis states are simultaneous eigenstates:
Xˆci |x)M = xi|x)M . (29)
Since Hq is a Hilbert space of operators, one can define a multiplication map, m : Hq ⊗ Hq → Hq,
on it, given by m (|ψ)× |φ)) = |ψφ), which turns this space into an operator algebra. Expanding a
generic state |ψ) as
|ψ) =
√
θ
2π
∫
d2p
2π
ψ(p)eip·xˆ, (30)
(note that the condition of normalizability of the state, i.e., (ψ|ψ) = trc(ψ†ψ) < ∞ implies that the
function ψ(p) must be square integrable) one easily verifies the following composition rules when the
product state is represented in the Moyal or Voros basis:
M (x|ψφ) =
√
2πθM (x|ψ) ⋆M M (x|φ), (31)
V (x|ψφ) = 4π2V (x|ψ) ⋆V V (x|φ). (32)
Here
M (x|ψ) =
∫
d2p
(2π)2
ψ(p)eip·x, (33)
V (x|ψ) =
√
θ
2π
∫
d2p
(2π)2
ψ(p)e−
θp2
4 eip·x =
√
θ
2π
e
θ∇2
4 M (x|ψ). (34)
III. THE THREE DIMENSIONAL GENERALIZATION
We begin with the algebra satisfied by the coordinate operators:
[xˆi, xˆj ] = iθij = iǫijkθk; i, j, k = 1, 2, 3. (35)
Since θij is 3 × 3 antisymmetric matrix, it must be degenarate and one can make a suitable SO(3)
transformation to orient the real vector ~θ ({θk = 12ǫijkθij}) along the 3rd axis. To be specific, this is
accomplished by making the transformation
xˆi → ˆ¯xi = R¯ij xˆj (36)
6with
R¯ =

 cosα cosβ sinβ cosα − sinα− sinβ cosβ 0
sinα cosβ sinα sinβ cosα

 (37)
if the vector ~θ is parametrised as
~θ = θ

 sinα cosβsinα sinβ
cosα

 . (38)
Note that this form of R¯ is not unique as we still have a freedom to make an additional SO(2) rotation
around the ~θ axis. With this the NC coordinate algebra assumes the form
[ˆ¯x1, ˆ¯x2] = iθ,
[ˆ¯x1, ˆ¯x3] = 0,
[ˆ¯x2, ˆ¯x3] = 0. (39)
In this barred frame the non-commutative matrix, Θ¯ij = θ¯ij , therefore takes the form
Θ¯ = R¯ΘR¯T =

 0 θ 0−θ 0 0
0 0 0

 . (40)
We therefore see that the ˆ¯x3 coordinate essentially becomes commutative and a particle undergoing
motion in this frame finds itself moving in a space which is nothing but the direct product of the 2D
non-commutative plane, introduced in the previous section, and the real line. From this perspective
one can therefore construct the classical configuration space as a tensor product space of the non-
commutative 2D classical configuration space (boson Fock space) and a one dimensional Hilbert space
spanned by the eigenstates of ˆ¯x3, i.e.,
H(3)c = span{|n, x¯3〉} = span{|z, x¯3〉}. (41)
Here n labels the eigenstates of b†b, where b† and b were introduced in eq.(5), and x¯3 labels the
eigenstates of ˆ¯x3. Alternatively, as described in the previous section, one can introduce a coherent
state basis, labeled by z, for the boson Fock space.
The action of the original (i.e. unbarred) coordinates xˆi on these basis states is then extended
through linearity, by inverting (36) and using the fact that x¯3 is the eigenvalue of ˆ¯x3 as:
xˆi|n, x¯3〉 = [(R¯−1)ij ˆ¯xj ]|n, x¯3〉
= (R¯−1)iα ˆ¯xα|n, x¯3〉+ (R¯−1)i3x¯3|n, x¯3〉, (42)
where α, β = 1, 2. Note that the action of ˆ¯xα is defined through the action of the creation and
annihilation operators of eq. (5).
The next step is to define the quantum Hilbert space H(3)q , the elements of which represent the
physical states, and on which the non-commutative Heisenberg algebra is to be represented.
In analogy with ordinary quantum mechanics, where the Hilbert space of states is the space of square
integrable functions of coordinates, here it becomes, as in the previous section, the Hilbert space of all
functions of the operator valued coordinates (all operators generated by the Weyl algebra associated
with ˆ¯xα, ˆ¯x3) and the elements of the quantum Hilbert space are therefore operators acting on classical
configuration space. The requirement of square integrability gets replaced by the trace class condition.
We therefore identify the appropriate quantum Hilbert space H(3)q to be
H(3)q = {ψ(ˆ¯xi) : trcψ†ψ <∞}. (43)
7If we use as basis for the classical configuration space eigenstates of ˆ¯x3, we can replace ˆ¯x3 by its
eigenvalue x¯3 and identify the quantum Hilbert space with
H(3)q = {ψ(ˆ¯xi) :
∫
dx¯3√
θ
tr′cψ
†ψ <∞}, (44)
where tr′c denotes the restricted trace over the non-commutative 2D plane. This space is therefore
simply a one parameter family of quantum Hilbert spaces for the 2D non-commutative plane, which
is not surprising given that the classical configuration space is simply a one parameter family of
2D non-commutative planes. In contrast to the previous section, it is, however, important to note
that this space does not coincide with the space of all Hilbert-Schmidt operators acting on classical
configuration space. To emphasize that this space is the space of operators generated by the barred
operator valued coordinates, we have explicitly indicated the functional dependence in (43). Indeed,
from the discussion above it is immediately clear that elements of the quantum Hilbert space leaves the
subspace span{|n, x¯3〉}, for fixed x¯3, of the classical configuration space invariant. Hence the elements
of quantum Hilbert space must constitute a subset of all the possible operators on classical configuration
space. These can be characterized as all Hilbert-Schmidt operators ψ on classical configuration space
that also satisfy the additional constraint
[
ˆ¯x3, ψ
]
= 0, i.e.:
H(3)q = {ψ :
[
ˆ¯x3, ψ
]
= 0; trcψ
†ψ <∞}, (45)
with inner product as in (8). This is also a more convenient characterization of the quantum Hilbert
space as we now do not need to specify the operators that are used to generate the elements of the
quantum Hilbert space. We can therefore drop the functional dependence on the barred coordinates
and simply denote the elements of the quantum Hilbert space by ψ ≡ |ψ), keeping in mind the
constraint in (45).
To define the action of the momentum operators on the quantum Hilbert space it is convenient to
introduce a further ’coordinate’ ˆ¯x4 such that[
ˆ¯xj , ˆ¯x4
]
= iθδj3; j = 1, 2, 3, (46)
i.e., it commutes with ˆ¯x1 and ˆ¯x2 and is conjugate to ˆ¯x3. Here θ was defined in (38) and (40). Formally
ˆ¯x4 = −iθ ∂∂x¯3 . In terms of these the action of the momentum operators in the barred frame on the
quantum Hilbert space can be expressed through the adjoint action:
ˆ¯Pαψ =
1
θ
Γαβ [ˆ¯xβ , ψ];α, β = 1, 2, 3, 4, (47)
where
Γ =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 . (48)
Note that due to the constraint on ψ, we have ˆ¯P4ψ = 0 so that there are only three non trivial
momenta.
This can be extended to the action of the components of momenta in the original frame (this will
referred as the fiducial frame later in the paper). Invoking linearity gives:
Pˆiψ = (R¯
−1)ij ˆ¯Pjψ
=
1
θ
(R¯−1)ijΓjα[ˆ¯xα, ψ]; i, j = 1, 2, 3; α = 1, 2, 3, 4. (49)
Like-wise one can introduce the position operators Xˆi acting on H(3)q through left multiplication,
i.e., by the linear maps
Xˆi : |ψ)→ Xˆi|ψ) = |xˆiψ) (50)
8in the original fiducial unbarred frame, so that these pairs of observables now satisfy the non-
commutative Heisenberg algebra
[Xˆi, Xˆj] = iθij ; [Xˆi, Pˆj ] = iδij ; [Pˆi, Pˆj ] = 0. (51)
Simultaneous eigenstates of the above commuting momentum operators will play an important role
in what follows. It is a simple matter to verify that these are given by:
Pˆi|~p) = pi|~p) (52)
where
|~p) = θ
3/4
2π
eipixˆi ; i = 1, 2, 3
=
θ3/4
2π
eip¯i
ˆ¯xi
=
θ3/4
2π
eip¯α
ˆ¯xαeip¯3
ˆ¯x3 ; α = 1, 2. (53)
Note that ˆ¯P4|p) = 0 as required by the constraint in (45). Here we have also noted that pixˆi is a scalar
under a SO(3) rotation. In complete analogy with the two dimensional case one can verify that these
states satisfy the orthogonality relations
(~p′|~p) = θ
3/2
(2π)2
trc(e
−i~p′.~ˆxei~p.~ˆx) (54)
= tr′c[e
−ip¯′α ˆ¯xαeip¯β ˆ¯xβ ]
∫
dx¯3√
θ
[e−ip¯
′
3x¯3eip¯3x¯3 ] (55)
= δ3(~p− ~p′), (56)
and completeness relation ∫
d3p|p)(p| = 1q. (57)
IV. MOYAL AND VOROS BASES IN THREE DIMENSIONS
The position operator Xˆi introduced in the previous section has been taken to be a left action by
default. One can, likewise, construct a right action so that we can write for both left and right actions
Xˆi
(l)
ψ = xˆiψ, (58)
Xˆi
(r)
ψ = ψxˆi. (59)
In analogy with the construction given in [10], we can also introduce here the map Xˆi
(c)
, which is the
average of above left and right actions:
Xˆi
(c)
ψ ≡ 1
2
[Xˆi
(l)
+ Xˆi
(r)
]ψ. (60)
By splitting xˆiψ(xˆi) into symmetric and anti symmetric parts, this can be rewritten as
Xˆi
(l)
ψ = Xˆi
(c)
ψ +
1
2
[xˆi, ψ]. (61)
9The transition to the barred frame and then back to the original unbarred frame allows us to rewrite
this, using (36) and (47), in the form
ˆ
X
(l)
i ψ = Xˆi
(c)
ψ +
1
2
R¯Tij [ ˆ¯xj , ψ]
= Xˆi
(c)
ψ − θ
2
R¯TijΓjα(
ˆ¯Pαψ)
= Xˆi
(c)
ψ − θ
2
R¯TijΓjk(
ˆ¯Pkψ)
= Xˆi
(c)
ψ − 1
2
(
R¯T Θ¯R¯
)
il
(Plψ). (62)
where α, β = 1, 2, 3, 4, i, j, k, l = 1, 2, 3 and we used ˆ¯P4ψ = 0. Using the covariant transformation
property (40) of Θ and the fact that ψ is an arbitrary state, we can write this as an operator identity
on Hq:
Xˆi
(c)
= Xˆ
(l)
i +
θij
2
Pˆj (63)
satisfying
[Xˆi
(c)
, Xˆj
(c)
] = 0. (64)
The Xˆi must be regarded as the physical position operators appropriate for the quantum Hilbert space
H(3)q . Xˆi(c) are the corresponding commuting position operators acting on H(3)q , but they do not have
the same physical status as the Xˆi.
In analogy with (23) we introduce the normalized ’Moyal basis’ as
|~x)M =
∫
d3p
(2π)
3
2
e−i~p.~x|~p)
=
θ3/4
2π
∫
d3p
(2π)
3
2
ei~p.(~ˆx−~x) (65)
satisfying ∫
d3x|~x)M ⋆M M (~x| =
∫
d3x|~x)MM (~x| = 1q,
(~p|~x)M = 1
(2π)
3
2
e−i~p·~x,
M (~x|~x′)M = δ3(~x− ~x′), (66)
where
⋆M = e
i
2 θ
M
ij
←−
∂ i
−→
∂ j (67)
with θMij = θij . These basis states are simultaneous eigenstates of Xˆi
(c)∀i : M (~x|Xˆi
(c)|~x′)M = xiδ3(~x−
~x′).
As before we can impose the additional structure of an algebra onH(3)q by defining the multiplication
map
m(|ψ)⊗ |φ)) = |ψφ), (68)
where normal operator multiplication is implied on the right. Expanding a pair of generic states states
|ψ) and |φ) as
|ψ) = θ
3/4
2π
∫
d3p
(2π)3/2
ψ(~p)eipixˆi
=
θ3/4
2π
∫
d3p¯
(2π)3/2
ψ(~¯p)eip¯i
ˆ¯xi , (69)
10
and like-wise for |φ), a straightforward computation yields
M (~x|ψφ) = 2πθ3/4 M (~x|ψ) ⋆M M (~x|φ) (70)
where
M (~x|ψ) =
∫
d3p
(2π)3/2
ψ(~p)eipixi (71)
and ⋆M = e
i
2 θ¯αβ
←−¯
∂ α
−→¯
∂ β has been written in the barred coordinates x¯i. However, as θij
←−
∂ i
−→
∂ j is a SO(3)
scalar bi-differential operator, we can readily switch to our fiducial c-number coordinates xi = (R¯ij)x¯j
to yield the Moyal star product (67).
Next we introduce the Voros basis in three dimensions through an expansion in momentum basis in
complete analogy with the two dimensional case:
|x)V = θ
3/4
√
2π
∫
d3pe−
θ~p2
4 e−i~p·~x|p) =
∫
d3pθ3/2
(2π)3/2
e−
θ~p2
4 ei~p·(~ˆx−~x). (72)
These states satisfy ∫
d3x
(2π)2θ3/2
|~x)V ⋆V V (~x| = 1q, (73)
V (x|p) = θ
3/4
√
2π
e−
θ~p2
4 ei~p·~x, (74)
V (~x
′|~x)V =
√
2πe−
1
2θ (~x−~x′)2 , (75)
where
⋆V = e
i
2 θ
V
ij
←−
∂ i
−→
∂ j (76)
with θVij = −iθδij + θij and θ as in 40.
A straightforward calculation now yields
V (~x|ψφ) =V (~x|ψ) ⋆V V (~x|φ) (77)
where
V (~x|ψ) = θ
3/4
√
2π
∫
d3p
(2π)3/2
ψ(~p)e−
θ~p2
4 eipixi . (78)
V. ANGULAR MOMENTUM OPERATOR
Next we construct the representation of the angular momentum operator (generators of rotations)
on the quantum Hilbert space. Consider the momentum basis expansion of a state |ψ) in the quantum
Hilbert space
|ψ) = ψ(~ˆx) =
∫
d3pψ(~p)eipixˆi . (79)
Let us consider an arbitrary infinitesimal rotation R ∈ SO(3), which rotate the coordinate system:
xˆi → xˆRi = Rij xˆj with
R = 1 + i~φ · ~L = 1 + iφiLi. (80)
Here the Li’s are the 3 dimensional matrix representations of the SO(3) generators and ~φ the infinites-
imal rotational parameters. We are looking for the infinitesimal unitary operator that implements
11
this transformation on the quantum Hilbert space. Keeping in mind the scalar nature of the ’wave
functions’ one wants
|ψR) = U(R)|ψ) = ψR(~ˆx) = ψ(R−1~ˆx) =
∫
d3pψ(~p)eipi(R
−1~ˆx)i .
Using (80), this can be recast in the form
ψR(~ˆx) =
∫
d3pψ(~p)eipi(δij−iφl(Ll)ij)xˆj
=
∫
d3pψ(~p)eipixˆi+φl(Ll)ij xˆjpi .
(81)
Using the Baker-Campbell-Hausdorff formula and retaining terms up to linear order in φl, we can write
this as
ψR(~ˆx) =
∫
d3pψ(~p)[1 + φl(Ll)ij xˆjpi +
1
2
φlpi(Ll)ijpmθjm]e
ipixˆi
= (1 + φl(Ll)ijXˆ
(c)
j Pˆi)ψ(~ˆx). (82)
Using the explicit forms of the SO(3) generators ~L
(Li)jk = −iǫijk; [Li, Lj] = iǫijkLk, (83)
one gets
ψR(xˆi) = ψ(xˆi) + iφiJˆiψ(xˆ) (84)
from which we identify
Jˆi = ǫijkXˆ
(c)
j Pˆk (85)
as the generators of rotations, i.e., the angular momentum operators acting on H(3)q . It can be easily
checked that the operators Ji satisfy the standard SO(3) commutation relations
[Jˆi, Jˆj ] = iǫijkJˆk, (86)
and furnishes a representation of Li on the quantum Hilbert space. As usual the operator U(R) for
a finite rotation with rotation parameters ~φ is given by U(R) = ei
~φ· ~ˆJ and is unitary as can be easily
verified.
The angular momentum, unlike the linear momentum Pˆi, does not satisfy the usual Leibniz rule.
While the Leibniz rule for Pˆi is trivial, it is also not difficult to see that it is not satisfied for Jˆi by
considering its action on an arbitrary product state (φψ):
Jˆi(φψ) = ǫijkXˆ
(c)
j Pˆk(φψ) = ǫijkXˆ
(c)
j ((Pˆkφ)ψ + φ(Pˆkψ)). (87)
Given the definition of Xˆ
(c)
j , which is really the average of left and right actions, this simply cannot
be written as
(ǫijkXˆ
(c)
j (Pˆkφ))ψ + φ(ǫijkXˆ
(c)
j (Pˆkψ)). (88)
Rather, it should be written as
Jˆi(φψ) =
1
2
ǫijk[xˆj((Pˆkφ)ψ + φ(Pˆkψ)) + ((Pˆkφ)ψ + φ(Pˆkψ))xˆj)]. (89)
This generates factors like (xˆjφ) and (ψxˆj). Expressing them as ([xˆj , φ] + φxˆj) and ([ψ, xˆj ] + xˆjψ),
respectively, and substituting them back in the above equation yields, after some re-arrangement,
Jˆi(φψ) = (Jˆiφ)ψ + φ(Jˆiψ) +
1
2
ǫijk([xˆj , φ](Pˆkψ)− (Pˆkφ)[xˆj , ψ]). (90)
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Clearly the first two terms here corresponds to what one expects from the naive Leibniz rule and the
third term represents the corresponding modification/deformation.
We can now use the identity
[xˆi, ψ] = −θij(Pˆjψ), (91)
which follows from (61-63), to re-express (90) in terms of ~θ as
Jˆi(φψ) = (Jˆiφ)ψ + φ(Jˆiψ) +
1
2
[(Pˆiφ)((~θ · ~P )ψ)− ((~θ · ~P )φ)(Pˆiψ)]. (92)
VI. NECESSITY OF DEFORMED CO-PRODUCT TO RESTORE THE
AUTOMORPHISM SYMMETRY UNDER SO(3) ROTATIONS
The generic state |ψ) transforms under a SO(3) rotation R as
|ψ)→ |ψR) =
∫
d3pψ(~p)ei~p·(R
−1~ˆx) (93)
=
∫
d3pψ(~p)ei(R~p)·~ˆx.
(94)
Likewise we can introduce another state
|φ) =
∫
d3pφ(~p)ei~p·~ˆx (95)
and its rotated counterpart
|φR) =
∫
d3pφ(~p)ei(R~p)·~ˆx. (96)
The aforementioned structure of the algebra (68) allows us to write the composite state |ψφ) as
|ψφ) =
∫
d3pd3p′ψ(~p)φ(~p′)ei(~p+~p
′)·~ˆxe−
i
2 pip
′
jθij (97)
where we have made use of the Baker-Campbell-Hausdorff formula.
Consider the rotated state |(ψφ)R), which is obtained by applying the rotation R ∈ SO(3) on the
state |ψφ). Clearly,
|(ψφ)R) = U(R)|ψφ) = U(R)[m(|ψ)⊗ |φ))]
=
∫
d3pd3p′ψ(~p)φ(~p′)ei(R(~p+~p
′)).~ˆxe−
i
2 pip
′
jθij . (98)
At this stage it can be observed that if it were the case of commutative quantum mechanics, we would
have automorphism symmetry i.e we can write
|(ψφ)R) = |ψRφR) (99)
where the RHS can be easily seen to be obtained from the undeformed co-product ∆0(R) = U(R) ⊗
U(R) and the RHS can be expressed as
|ψRφR) = m[∆0(R)(|ψ) ⊗ |φ))]. (100)
However, as we show now this situation changes drastically in the non-commutative case; here we are
forced to apply a deformed co-product ∆θ(R), which goes over to ∆0(R) only in the limit θ → 0, in
order to recover the automorphism symmetry. To this end, consider m[∆θ(R)(|ψ)⊗ |φ))] with
∆θ(R) = F∆0(R)F
−1 (101)
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and
F = e
i
2αij Pˆi⊗Pˆj . (102)
This ansatz is motivated from earlier studies using the Moyal/Voros basis [11]. A straight forward
calculation yields
m[∆θ(R)(|ψ)⊗ |φ))]
=
∫
d3pd3p′ψ(~p)φ(~p′)e−
i
2αmnpmp
′
ne
i
2αkl(R~p)k(R
~p′)leiR(~p+
~p′).~ˆxe−
i
2 (R~p)i(R
~p′)jθij .
(103)
The above expression will coincide with that of |(ψφ)R) given in (98) iff the α matrix is identified with
the NC matrix Θ : α = Θ.
We therefore have the final expression of the twist and the co-product given in an abstract i.e. basis
independent form as
F = e
i
2 θij Pˆi⊗Pˆj (104)
and
∆θ(R) = F∆0(R)F
−1. (105)
These are the essential deformed Hopf-algebraic structures [12] required to restore the automorphism
symmetry:
|(ψφ)R) = U(R)[m(|ψ)⊗ |φ))] = m[∆θ(R)(|ψ)⊗ |φ))]. (106)
The same conclusion can be reached from the deformed Leibnitz rule (92). Indeed, the deformed
co-product can simply be read off as
△θ (Jˆi) = △0(Jˆi) + 1
2
[Pˆi ⊗ (~θ · ~P )− (~θ · ~P )⊗ Pˆi], (107)
with △0(Jˆi) = Jˆi⊗1+1⊗ Jˆi the undeformed co-product for SO(3) generators. It can easily be checked
that this is precisely the deformed co-product obtained from
△θ (Jˆi) = F △0 (Jˆi)F−1 (108)
by using the Hadamard identity for the form of the twist (104).
Having obtained the abstract form of the twist (104), the form of the twist FM/V in Moyal/Voros
basis can be read off from the overlaps M/V (~x|ψφ) in (70) and (77) satisfying
M/V (~x|ψφ) = m0[F−1M/V (M/V (~x|ψ)⊗M/V (~x|φ))] (109)
where m0 represents the point-wise multiplication map:
m0[ψ(~x)⊗ φ(~x)] = ψ(~x)φ(~x).
This yields,
FM = e
− i2 θMij ∂i⊗∂j = e−
i
2 θij∂i⊗∂j (110)
FV = e
− i2 θVij∂i⊗∂j = e−
i
2 (−iθδij+θij)∂i⊗∂j . (111)
Finally we remark that the restoration of the SO(3) automorphism symmetry is only relevant in the
one particle setting insofar as the action of the one particle potential V (Xˆi) on the quantum state ψ(xˆi)
corresponds to operator multiplication, i.e., V (Xˆi)ψ(xˆi) = V (xˆi)ψ(xˆi) as the action of the quantum
position operators Xˆi was defined through left multiplication. In this setting the composite state |ψφ)
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represents a single particle state that results from the action of an observable that depends on the
coordinates Xˆi alone, i.e., ψ(Xˆi)|φ) = |ψ(xˆi)φ) (see 50).
In the multi-particle setting the restoration of the automorphism symmetry becomes relevant in the
context of the manifest restoration of the symmetry on the level of the action. If we were to view the
Schroedinger equation as a field equation resulting from the action
S =
∫
dttrcψ
†
(
i∂t − Pˆ
2
2m
− V (xˆi)
)
ψ, (112)
the rotation symmetry is manifest if the Lagrangian density transforms as a scalar under rotations,
i.e., (ψ†ψ) → (ψ†ψ)R and (ψ†V ψ) → (ψ†V ψ)R since trc(A)R = trcA for a generic composite A of
fields (see sectionVIII). To achieve this it is necessary to implement the deformed co-product on the
composites of fields appearing in the Lagrangian, as explained in [10]. We return to the transformation
properties of the Schroedinger action (112) in section VIII.
The same considerations apply to relativistic non-commutative field theories where the restoration of
the Lorentz automorphism symmetry is required to make the Lagrangian manifestly Lorentz invariant.
VII. ON THE CONSTANCY OF Θ
It is a simple matter to verify that the commutation relations satisfied by the rotated coordinate
operator xˆRi ≡ (R~ˆx)i are given by
[xˆRi , xˆ
R
j ] = xˆ
R
i xˆ
R
j − xˆRj xˆRi = i(RΘRT )ij ≡ i (ΘUD)ij (113)
Clearly, here the Θ matrix transforms as a second rank antisymmetric tensor under rotations R ∈
SO(3). This is actually due to fact that we had implicitly used the undeformed co-product, reflected
by the notation ΘUD, to compute the commutator:
[xˆRi , xˆ
R
j ] = m[∆0(R)(xˆi ⊗ xˆj − xˆj ⊗ xˆi)], (114)
which is nothing but the commutator of the rotated coordinate operators. However, as we have seen
in the previous section, we should really use the deformed co-product ∆θ to compute the rotated
commutator, as the composite object (xˆixˆi) transforms to (xˆixˆj)
R under rotation by R ∈ SO(3), and
this will be implemented by the deformed co-product△θ(R). In other words we have to simply replace
∆0(R) by ∆θ(R) in the above computation. With this the above commutator gets replaced by
([xˆi, xˆj ])
R = (xˆixˆj)
R − (xˆj xˆi)R = m[∆θ(R)(xˆi ⊗ xˆj − xˆj ⊗ xˆi)]. (115)
Now a straightforward computation yields
(xˆixˆj)
R = m[∆θ(R)(xˆi ⊗ xˆj)]
= xˆRi xˆ
R
j +
i
2
θij − i
2
(ΘRUD)ij . (116)
This indicates that the composite object no longer transforms as a second rank tensor under rotation.
However a simple antisymmetrization now yields
(xˆixˆj)
R − (xˆj xˆi)R = i(ΘD)ij = iθij . (117)
This implies that the rotation applied to the commutator as a whole is different from the commutator
of rotated coordinates. Here ΘD refers to the fact that the deformed co-product has been used for its
computation. It shows that the NC matrix Θ really remains invariant under spatial rotations and is
the same as in the fiducial frame if the proper deformed co-product action is considered. This deformed
co-product on the other hand arises from the demand of restoration of automorphism symmetry under
rotation, as we have seen earlier.
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The above result suggests that the commutator [xˆj , xˆk] should be invariant under SO(3) transfor-
mations. This is a useful consistency check as one can indeed verify explicitly that
Jˆiθjk = −iJˆi[m(xˆj ⊗ xˆk − xˆk ⊗ xˆj)]
= −im[△θ(Jˆi)(xˆj ⊗ xˆk − xˆk ⊗ xˆj)]
= 0, (118)
again displaying the constancy of θij under the action of the deformed co-product.
The same conclusion can be drawn from a more general setting, where transformation properties
under rotation of the quantum position operator, (introduced earlier in (58),(59)) in conjuction with
an arbitrary state ψ(xˆi) is considered.
To that end, recall that the quantum position operator act from the left on the elements of the
quantum Hilbert space
Xˆ
(l)
i : ψ(xˆi)→ xˆiψ(xˆi) = m(xˆi ⊗ ψ(xˆi)), (119)
i.e,
Xˆ
(l)
i |ψ(xˆi)) = |xˆiψ(xˆi)). (120)
More generally, one may introduce the rotated quantum position operator as the map
Xˆ
(l)R
i : ψ(xˆi)→ xˆRi ψ(xˆi) = m(xˆRi ⊗ ψ(xˆi)), (121)
i.e,
Xˆ
(l)R
i |ψ(xˆi)) = |xˆRi ψ(xˆi)) = RijXˆ(l)j |ψ(xˆi)). (122)
These are straightforward extensions of xˆi and xˆ
R
i , acting on H(3)c , to position observables, acting
on H(3)q , and on their own transform covariantly under rotations. One can, however, ask what is
the transformation property of the composite object (Xˆ
(l)
i |ψ(xˆi)) → (Xˆ(l)i |ψ(xˆi))R under a rotation.
Unlike the commutative case, we can expect a deformation of a vectorial nature through our experience
of the non-covariant transformation property (xˆixˆj) → (xˆixˆj)R in (116). To show that this is indeed
the case, observe that under a rotation, m(xˆi⊗ψ(xˆi))→ U(R)[m(xˆi⊗ψ(xˆi))] = m[∆θ(R)(xˆi⊗ψ(xˆi))].
A straightforward computation now yields, on using (117) (see Appendix),
m[∆θ(R)(xˆi ⊗ ψ(xˆi))] = ˆ˜X(l)Ri |ψR(xˆi)), (123)
where
ˆ˜
X
(l)R
i ≡ Xˆ(l)
R
i +
1
2
[R,Θ]ijPˆj (124)
can be regarded as the effective rotated quantum position operator and is distinguished by a tilde. It
can now be trivially checked that
[ ˆ˜X
(l)R
i ,
ˆ˜
X
(l)R
j ] = iθij 6= [xˆRi , xˆRj ] (125)
again showing the constancy of Θ. The eqs.(124,125) reproduce the result of [13], obtained in a Hopf-
algebraic framework and furnishes a derivation from a somewhat different perspective of the result
obtained in [14],[15]. At this stage we would like to make some pertinent observations:
(i) Note that the expression (124) has been obtained in a self-consistent approach, as the invariance
of Θ in the sense of (117) has been made use of here. For the special case ψ(xˆi) = xˆ
R
j , one can easily
show, by using (116), that
ˆ˜
X
(l)R
i xˆ
R
j = (xˆixˆj)
R. (126)
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(ii) The distinction between Xˆ
(l)R
i and
ˆ˜
X
(l)R
i disappear in two spatial dimension as [R,Θ] = 0 identi-
cally.
(iii) It also disappears in the case of no rotation i.e R = 1
(iv) The form of ˆ˜X
(l)R
i (98) shows that Xˆ
(l)
i does not transform covariantly, for D > 2 if the trans-
formation property Xˆ
(l)
i in conjunction with a state is considered. This is the price one has to pay
to hold Θ fixed. In other words, this non-covariant transformation property is induced on it by the
deformed co-product, when the composite object (xˆiψ(xˆi)) undergoes rotation. In this sense,
ˆ˜
X
(l)R
i
does not enjoy a fundamental status like Xˆ
(l)R
i .
(v) Proceeding similarly, the transformation property of Xˆ
(r)
i , corresponding to right action is found
to be
ˆ˜
X
(r)R
i = Xˆ
(r)R
i −
1
2
[R,Θ]ijPˆj , (127)
so that Xˆ
(c)
i in (60) transform covariantly
Xˆ
(c)
i → Xˆ(c)Ri = RijXˆ(c)j . (128)
VIII. SO(3) TRANSFORMATION PROPERTIES OF THE SHROEDINGER ACTION AND
HAMILTONIAN
Let us consider the motion of a particle described by the Hamiltonian
H =
~P 2
2m
+ V (Xˆi), (129)
where V (Xˆi) represents the potential. Note that the argument of V (Xˆi) is Xˆi ≡ Xˆ(l)i and not xˆi since,
like the kinetic energy term, it is a operator on H(3)q .
In particular we focus on rotational invariant potentials in the conventional sense:
V (XˆRi ) = V (Xˆi), (130)
where XˆRi = RijXˆj . An example of such a rotational invariant potential that we study later is the
isotropic harmonic potential
V (Xˆi) =
1
2
mω2XˆiXˆi. (131)
As the action of the position operators is defined through left multiplication, the action of the
potential on the quantum state is
V (Xˆi)ψ(xˆi) = V (xˆi)ψ(xˆi). (132)
In the above the potential V (xˆi) is also an operator acting on the classical configuration space. This
operator acts on the quantum state through ordinary operator multiplication. In the light of (130)
this operator satisfies (see also (84))
JˆiV (xˆi) = 0, (133)
which can indeed be explicitly verified for the harmonic oscillator potential.
Let us now consider the issue of rotational invariance of the Hamiltonian (129). It is a simple matter
to see that the angular momentum operators Ji commute with the kinetic energy term, but not with
the potential V (Xˆi), even though the potential is rotational invariant in the sense of (130). It is useful
to understand the origin of this non-commutativity more precisely in the context of the deformed
Leibnitz rule (92). For this purpose let us consider
JiV (Xˆi)ψ(xˆi) = [Ji, V (Xˆi)]ψ(xˆi) + V (Xˆi)Jiψ(xˆi). (134)
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On the other hand from (92) this can also be written as
JiV (Xˆi)ψ(xˆi) =Ji (V (xˆi)ψ(xˆi)) = (JiV (xˆi))ψ(xˆi) + V (xˆi) (Jiψ(xˆi))
+
1
2
[(PˆiV )((~θ · ~P )ψ)− ((~θ · ~P )V )(Pˆiψ)]. (135)
For rotational invariant potentials the first term on the right of (135) vanishes by (133) and since ψ is
an arbitrary state we conclude
[Ji, V (Xˆi)] =
1
2
[(PˆiV )~θ · ~P − ((~θ · ~P )V )Pˆi]. (136)
We note that even for rotational invariant potentials the Hamiltonian and angular momentum do
not commute and that the rotational symmetry is explicitly broken on the level of the Hamiltonian.
However, the non-vanishing commutator originates purely from the deformation of the Leibnitz rule,
which vanishes in the commutative limit. Hence the breaking of rotational symmetry on the level of
the Hamiltonian for rotational invariant potentials results purely from the deformation. Another way
of phrasing this statement is to note that (V ψ)R 6= V RψR, while the equality is required to make
the rotational invariance manifest on the level of the Hamiltonian for rotational invariant potentials.
Indeed, (V ψ)R = U(R)V U(R)−1ψR ≡ V ReffψR where V Reff can be thought of as an effective potential
in the rotated frame. For infinitesimal rotations the form of V Reff can be read of from (136).
Let us repeat the above analysis on the level of the Schroedinger action (112). We note that this
action is invariant under the following transformation:
ψ†→ (ψ†)R = U(R)ψ†,
ψ→ ψR = U(R)ψ,
V ψ→ (V ψ)R = m[∆θ(R)(V ⊗ ψ)]. (137)
Note that the first and second equation are not inconsistent as the hermitian conjugation here (†) refers
to hermitian conjugation on the classical configuration space and not on quantum Hilbert space. This
is analogues to commutative quantum mechanics where complex conjugation (hermitian conjugation
here) commutes with rotations.
To verify the invariance of the action under (137) as well as the statements above explicitly, note
that trc(ψ
†φ) = (ψ, φ). Here and in what follows φ denotes any composite of fields, particularly V ψ
in the case of (137). Writing
Jˆiψ
† =
1
2
ǫijk(xˆj(Pˆkψ
†) + (Pˆkψ†)xˆj), (138)
one easily verifies from (49)
(Jˆiψ
†)† = −Jˆiψ, (139)
which implies
(U(R)ψ†)† = (ei
~φ· ~ˆJψ†)† = U(R)ψ. (140)
Thus one finds
trc((ψ
†)RφR) = (U(R)ψ,U(R)φ) = (ψ, φ) = trc(ψ†φ), (141)
where we have used the unitarity of U(R) w.r.t. the inner product on the quantum Hilbert space, i.e.,
U(R)‡ = U(R)−1.
Note that we have actually used the undeformed co-product in the above argument, i.e., we did
not apply the deformed co-product to the composite ψ†φ in (141). The same result can, however, be
obtained from the deformed co-product as the deformation is essentially irrelevant when considering
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any term in the action as a product of two composites. The deformation only manifests itself on the
level of the transformation properties of the individual composites. This follows by first noting from
(49) that
trc(Jˆi(ψ
†φ)) = ǫijkR¯−1kl Γlαtrc([ˆ¯xα,
ˆX(c)j(ψ
†φ)]) = 0, (142)
since the trace of a commutator, under the trace class condition that ensures that the trace is well
defined, vanishes. Here ψ and φ denote any two composites. This immediately implies for finite
rotations trc(U(R)(ψ
†φ)) = trc((ψ†φ)R) = trc(ψ†φ). From (90) the LHS of (142) can also be expressed
as
trc(Jˆi(ψ
†φ)) = trc((Jˆiψ†)φ + ψ†(Jˆiφ) +
1
2
ǫijk([xˆj , ψ
†](Pˆkφ)− (Pˆkψ†)[xˆj , φ])). (143)
The deformation (last term) on the RHS can again be expressed as a total commutator by using (90)
and hence its trace vanishes:
ǫijk([xˆj , ψ
†](Pˆkφ)− (Pˆkψ†)[xˆj , φ]) =
1
θ
ǫijkR¯
−1
kℓ Γℓα([xˆj , ψ
†][ˆ¯xα, φ]− [ˆ¯xα, ψ†][xˆj , φ]) =
1
θ
ǫijkR¯
−1
kℓ Γℓα([xˆj , ψ
†[ˆ¯xα, φ]− [ˆ¯xα, ψ†[xˆj , φ]). (144)
In the last step the Jacobi identity and the fact that the commutators [xˆj , ˆ¯xα] are constants were used.
This shows that the deformation is essentially irrelevant and that (143) can be written as
trc(Jˆi(ψ
†φ)) = trc((Jˆiψ†)φ+ ψ†(Jˆiφ)), (145)
i.e., the Leibnitz rule applies under the trace for the product of two composites. Note that this is not
the case when the product of more than two composites is considered. For finite rotations this implies
that
trc(ψ
†φ) = trc(ψ†φ)R = trc(m(∆θ(R)(|ψ†)⊗ |φ)) = trc(m(∆0(R)(|ψ†)⊗ |φ)) = trc((ψ†)RφR) (146)
in agreement with (141), which was derived from the undeformed co-product.
In particular it is worthwhile noting that without any potential, or for any action quadratic in
the fields, i.e., ψ and φ are not composites, the deformation is irrelevant. This signals that without
interactions, i.e., in a single particle description, deformation is not required.
In the case of (112) the deformation only manifests itself through the transformation properties of
the composite φ = V ψ (note that the potential acts as a fixed background field here):
(V ψ)R 6= V RψR = V ψR (147)
even when V R = V . This brings us to the same conclusion as in the discussion of the transformation
properties of the Hamiltonian, namely, the action is invariant provided that the potential is transformed
as follows: V → Veff = U(R)V U(R)−1 when a rotation is performed, i.e., the action does not preserve
its form under rotations. This applies even to rotational invariant potentials, which are modified under
this transformation due to the deformation. This is in contrast to the commutative case where the
action will be form invariant if the potential is rotational invariant.
It is useful to make the considerations above explicit in a soluble example. This can indeed be done
for the 3D isotropic harmonic oscillator, described by the potential (131).
As we observed previously, this potential has the SO(3) symmetry, in the sense that it satisfies (130)
and that JˆiV (xˆi) = 0. We can therefore move to the barred frame to write the Hamiltonian as,
H =
1
2m
~¯P 2 +
1
2
mω2( ˆ¯X21 +
ˆ¯X22 +
ˆ¯X23 ). (148)
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Recall that in this frame [ ˆ¯X3,
ˆ¯Xα] = 0 for α = 1, 2 and [
ˆ¯X1,
ˆ¯X2] = iθ. The Hamiltonian can therefore
be split into two terms as H = Hplane +Hline where
Hplane =
1
2m
( ˆ¯P 21 +
ˆ¯P 22 ) +
1
2
mω2( ˆ¯X21 +
ˆ¯X22 ) (149)
and
Hline =
1
2m
ˆ¯P 23 +
1
2
mω2 ˆ¯X23 (150)
represent the Hamiltonians for (non-commutative) planar and 1D harmonic oscillators, respectively.
While, the ground state for Hline is well known, the one for Hplane has also been worked out in [9].
The complete ground state, therefore, is simply given by the product of these two and is given by
Ψ0(ˆ¯xi) = e
α
2θ (ˆ¯x
2
1+ˆ¯x
2
2)e−
1
2mω
2 ˆ¯x23 , (151)
where ’α’ occuring in the first factor is defined as in [9]. In the following analysis, we shall not need
the explicits forms of these coefficients. What is clear is that Ψ0(ˆ¯xi) has only the SO(2) symmetry
around the x¯3 axis. Since the state written in the unbarred fudicial frame Ψ0(xˆi) is related to this
frame by a suitable unitary transformation as the components of angular momenta ˆ¯Ji and Jˆi in their
respective frames, it is advantageous to carry out the computations in this barred frame.
To begin with, it will be advantageous to split Ψ0 into the following form
Ψ0 = φψ, (152)
where
φ = e
α
2θ xˆixˆi ,
ψ = e
1
2 λ¯ˆ¯x
2
3 , (153)
and λ¯ = −αθ −mω2. The advantage of writing in this form ensures
ˆ¯Pαψ = 0;
ˆ¯Jiφ = 0;
ˆ¯J3ψ = 0. (154)
Remembering that we have to use the deformed co-product appropriate for this barred frame, one can
write
ˆ¯JiΨ0 =
ˆ¯Ji(φψ) = m[∆Θ¯(
ˆ¯Ji)(φ ⊗ ψ)]. (155)
As it turns out the co-product of ˆ¯J3 undergoes no deformation:
∆Θ¯(
ˆ¯J3) = ∆0(
ˆ¯J3) =
ˆ¯J3 ⊗ 1 + 1⊗ ˆ¯J3. (156)
Using this,
ˆ¯J3Ψ0 = 0 (157)
However, for the other components one finds non-vanishing contributions:
ˆ¯JαΨ0 = φ(
ˆ¯Jαψ) +
θ
2
( ˆ¯Pαφ)(
ˆ¯P3ψ), (158)
where we have made use of (92). Now a straight forward computation yields
ˆ¯JαΨ0 = −iλ¯(ǫαβ x¯3φˆ¯xβψ) + −iλ¯
2
((1− cosh θα)ǫαβ ˆ¯xβ + (i sinh θα)ˆ¯xα)x¯3]Ψ0. (159)
Thus, unlike the commutative case, the ground state does not correspond to vanishing angular mo-
mentum. We can attribute this puzzling feature to the presence of the constant ”background” Θ field,
which breaks the isotropicity of 3D space i.e the SO(3) symmetry breaking to SO(2) (the residual sym-
metry ~θ axis i.e x¯3-axis). Despite the fact that the automorphism symmetry can be restored through
the deformed co-product this symmetry is not manifest on the level of the action or Hamiltonian, even
for rotational invariant potentials. These features are explicit in the form of the effective potential
that can be computed explicitly for finite rotations:
V Reff (Xˆi) = V (Xˆi)−
1
2
mω2θi(Rij − δij)Jˆj + 1
8
mω2[(~θ. ~ˆP )2 − (~θ. ~ˆPR)2] (160)
20
IX. CONCLUSIONS
We have discussed the generalization of non commutative quantum mechanics to three spatial di-
mensions. Particular attention was paid to the identification of the quantum Hilbert space and the
representation of the rotation group on it. Not unexpectedly it was found that this representation un-
dergoes deformation and that the angular momentum operators no longer obey the Leibnitz rule. This
deformation implies that the action for the Schroedinger equation, in which the potential appears as
a fixed background field, and Hamiltonian are no longer invariant under rotations, even for rotational
invariant potentials. This is in sharp contrast with the commutative case where rotational symmetry
is manifest for rotational invariant potentials.
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XI. APPENDIX
Here we complete
R[m(xˆk ⊗ ψ(xˆi))] = m[△θ(R)(xˆk ⊗ ψ(xˆi))] (161)
Using (101),(102), this can be written as,
R[m(xˆk ⊗ ψ(xˆi))] = m[F (R⊗R)F−1(xˆk ⊗ ψ(xˆi))] (162)
Now, the action of F−1 on (xˆk ⊗ ψ(xˆi)) is
F−1(xˆk ⊗ ψ(xˆi)) = e− i2 θmnPˆm⊗Pˆn(xˆk ⊗ ψ(xˆi))
= xˆk ⊗ ψ(xˆi)− i
2
θmn(Pˆmxˆk)⊗ (Pˆnψ(xˆi)) (163)
Since Pˆm acts adjointly, the factor (Pˆmxˆk) occurring in the second term can be replaced by (−iδmk1),
so that (R ⊗R)F−1(xˆk ⊗ ψ(xˆi)) can be written as
(R⊗R)F−1(xˆk ⊗ ψ(xˆi)) = (xˆR)k ⊗ ψR(xˆi)− 1
2
θkn1⊗ (Pˆnψ(xˆi))R (164)
Note that here R does not touch θij , as follows from (117) and it is fixed by fiducial frame we have
chosen. Finally, acting by F on both sides yields,
F (R ⊗R)F−1(xˆk ⊗ ψ(xˆi)) = e i2 θij Pˆi⊗Pˆj ((xˆR)k ⊗ ψR(xˆi)− 1
2
θkn1⊗ (Pˆnψ(xˆi))R)
= (xˆR)k ⊗ ψR(xˆi)− 1
2
θkn1⊗ (Pˆnψ(xˆi))R + i
2
θij(Pˆi(xˆ
R)k)⊗ (PˆjψR(xˆi))
Now substituting (Pˆnψ)
R = Rnm(Pˆmψ
R) and Pˆi(xˆ
R)k = −iRki in the above expression and taking
the multiplication map eventually in (161) yields, on further simplification, the desired result
m[△θ(R)(xˆk ⊗ ψ(xˆi))] = ˆ˜X(l)Rk ψR(xˆi) (165)
21
with
ˆ˜
X
(l)R
i = Xˆ
(l)R
i +
1
2
[R,Θ]ijPˆj (166)
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